In this short note, we will give an efficient functorial proof of the equivalence of various characterisations of purity in a locally finitely presented additive category C. The complications of the proofs for specific choices of C (e.g. C = A-Mod for a ring A) are contained in the description of fp-injective and injective objects in (fpC, Ab). For example, the equivalence of many characterisations of purity in a module category A-Mod is a simple corollary of what we will prove here, once we know that Fpinj(A-mod, Ab) and Inj(A-mod, Ab) look like (we do).
Extending functors over direct limits
All categories and functors mentioned in this paper are additive. We assume some background on locally finitely presented categories, which can be gotten from [3] . We write Ab for the category of abelian groups and, for a small category A, we write (A, Ab) for the category of functors A → Ab, and Flat(A, Ab) for the category of flat functors A → Ab. Definition 1. Let C be a category with direct limits. An object a ∈ C is finitely presented if the representable functor C(a, −) : C → Ab preserve direct limits. We write fpC for the full subcategory of finitely presented objects in C Definition 2. Let C be a category with direct limits. We say that C is locally finitely presented if fpC is skeletally small and every object is a direct limit of finitely presented objects.
Theorem 1.
[3] For any locally finitely presented category C, the functor
is fully faithful and restricts to an equivalence C ≃ Flat((fpC) op , Ab).
We will use tensor products of functors. For this, the uncomfortable reader may use standard references such as [7] and [8] , but we offer the following definition.
Definition 3. Let A be a small category. For functors G : A op → Ab and F : A → Ab, the tensor product G ⊗ A F is an abelian group given by the coend formula (see [9] for coends)
Lemma 1. Let A be a small category. For any object a ∈ A and any functor F : A → Ab, there is an isomorphism
which is natural in F and a.
Proof. See [7, Proposition 1.1] or take this as an exercise in the calculus of coends.
Definition 4. Let C be a locally finitely presented category. For any functor F :
Theorem 2. Let C be a locally finitely presented category. For any functor F : fpC → Ab, − → F preserves direct limits and there is an isomorphism − → F | fpC ∼ = F which is natural in F . If E : C → Ab preserves direct limits and
Proof. Variations of this statement appear in many places, but we will give a proof, for the sake of self-containment, which similar to that at [4, 3.16] . See [2] for a very simple argument when F is finitely presented. The property that − → F preserves direct limits and restricts to F on fpC follows directly from the definition of − → F and Lemma 1. For such a functor E : C → Ab, let α : F → E| fpC be an in isomorphism and, for each c ∈ C, assemble the morphisms
each of which is natural in c, into a morphism
which is natural in c. This morphism is an isomorphism when c ∈ fpC. Since both − → F and E preserve direct limits, it follows that this morphism is an isomorphism for any c ∈ C.
2 Purity in a locally finitely presented category Definition 5 . Let C be a locally finitely presented category. A sequence
Definition 6. For a functor F : A → Ab, we define its dual to be the functor
If the reader is working in a slightly different context, with a k-linear locally finitely presented category, and prefers to replace Z by k and Q/Z by some injective cogenerator in k-Mod, then they may do so. The following theorem will still hold. 2. It is a direct limit of split exact sequences.
3. For any F ∈ fp(fpC, Ab), the induced sequence
is exact in Ab.
4. For any F ∈ (fpC, Ab), the induced sequence
5. For any F ∈ Fpinj(fpC, Ab), the induced sequence
6. For any F ∈ Inj(fpC, Ab), the induced sequence
The induced sequence
is split exact in (fpC, Ab).
Proof. 1 implies 2:
This argument is well-known and standard, but we give it for the sake of selfcontainment. Express c as a direct limit of finitely presented objects, c = lim − → λ∈Λ c λ . Pure exact sequences form an exact structure so are closed under pullbacks. Take the pullback of our sequence along the morphisms c λ → c.
We obtain a directed system of pure exact sequences
each of which must be split since c λ is finitely presented. The direct limit of this sequence is our original sequence. 2 implies 3: Obvious. 3 implies 4: For any object d ∈ C, the functor (fpC, Ab) → Ab : F → − → F d clearly preserves direct limits because it is a tensor product. By expressing F as a direct limit of finitely presented functors, F = lim − → F λ , we obtain the sequence
as a direct limit of pure exact sequence
which is exact since since direct limits are exact. 4 implies 5: Obvious. 5 implies 6: Obvious. 6 implies 7: To show that our sequence is split, we need only show that, for any F ∈ Inj(fpC, Ab), the sequence
is exact. The reason for this is that, since it is the dual of a flat functor, C(−, a)| * fpC is injective (there is a standard argument for this -see e.g. [1, 19. 14] for something similar), and therefore we may substitute F = C(−, a)
* to obtain a splitting. Indeed, if F ∈ Inj(fpC, Ab) then, by the hom-tensor duality, this sequence is isomorphic to
which is exact by hypothesis. 7 implies 1: Easy since Q/Z is an injective cogenerator.
Corollary 1 (Well-known). For a ring A and a sequence
in A-Mod = (A, Ab), the following are equivalent.
1. It is pure.
2. It is a direct limit of split exact sequences.
3. For any pp pair ϕ/ψ in the language of left A-modules, the sequence 
-finitely presented iff it comes from a pp pair [10, Section 10.2.5].
-fp-injective iff it is of the form Y ⊗ A − for some Y ∈ Mod-A by [10, Theorem 12.1.6].
-injective iff it is of the form Y ⊗ A − for some pure injective Y ∈ Mod-A by [10, Theorem 12.1.6] (uses the fact that 1 is equivalent to 4).
For each X ∈ A-Mod, there is an isomorphism (−, X) * | A-mod ∼ = X * ⊗ A −| A-mod which is natural in X [5, 3. 
